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Abstract; A function y is derived that approximates the potential-energy barrier position x*g of elementary reactions in terms
of the barrier height U* and reaction potential energy Uy. The functional expression is x*¢ = 1/[2 — (Ug/U*)], where x*g is
the value of the defined reaction coordinate x, 0 < x < 1, that corresponds to the activated state; endpoints x = 0 and x = 1 cor-
respond to the initial and final states, respectively. For three-body atom transfer reactions, x*; is equal to the activated-com-
plex bond order of the bond being formed. The central idea of the derivation is a proposition that the most realistic global inter-
polating function of a family, all of whose members equally well interpolate the potential coordinate function of the vector
equation describing the minimum-energy reaction path, is the unique member having the least arc length for its potential curve
or graph. This criterion may be considered an abstract, generalized basis for the well-known Hammond postulate. Relation
¥ is tested principally by (a) graphical comparison with analogous functions generated numerically from the bond-energy/
bond-order (BEBO) and London-Eyring-Polanyi-Sato (LEPS) potential functions, and (b) comparison of the saddle-point
coordinates computed by the function with those computed by other methods, including ab initio methods. Agreement is good,
and, as a generalization, the relation’s predicted barrier position is very similar to that of the BEBO function.

Introduction

The position of the energy barrier over configuration space
is one of the dynamically most important properties of a po-
tential-energy surface.2 Interest in the barrier position (i.e.,
the position of the barrier maximum) arises principally because
of its profound effect on reaction rate. For example, the barrier
position determines the kind of energy which will promote the
reaction. Elementary three-body reactions having early bar-
riers, or barriers in the entrance channel of the surface, are
much more effectively promoted by reactant translational
energy than vibrational energy, and, in striking cases, reactant
vibrational energy even in excess of twice the barrier height
gives no reactive trajectories whatever.? This effect of energy
selectivity by the barrier position is of importance not only to
the rates of elementary reactions but to the rates of (disequil-
ibrium) reaction networks in which the reactant energy dis-
tribution for one elementary step is provided by the product
energy distribution of the preceding step. That is, the rate of
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the network will depend in part on the relative barrier positions
of the elementary steps. As another example, the rate accel-
eration of solvation depends strongly on the barrier position
since the latter determines the structure and electrostatic
charge of the activated state. For instance, it has been predicted
for an ionogenic reaction (the Menschutkin reaction) that the
rate enhancement accompanying a given change in solvent (all
other variables held constant) will vary from a factor of 10 to
a factor of 1010 depending on the barrier position.4

There is presently no unambiguous experimental method
of determining the barrier position. Two experimental reaction
parameters commonly related to the barrier position are the
Brgnsted slope’ and the kinetic isotope effect.6 However, the
validity of these methods is generally uncertain because of the
uncertainty of the multiple assumptions upon which they rest.
The method nearest to being a bona fide experimental method
involves the construction of an adjustable, semiempirical po-
tential-energy surface that properly reproduces a given reac-
tion’s experimentally observed dynamics, for example, the
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activation energy or product vibrational energy distribution.
The barrier position of the resulting surface is then taken as
an approximation to the true barrier position of the reaction.
However, despite the method’s laboriousness, it is not defini-
tive. Sometimes no surface of a given kind can be found which
satisfies the dynamical criteria.” In other cases, several ac-
ceptable surfaces meet the criteria,® and hence several widely
divergent barrier positions are inferred.

The major theoretical work on the barrier position may be
briefly narrated. Hammond® has stated a qualitative as-
sumption, known widely as the Hammond postulate, regarding
the general shape or geometric form of the potential curve of
elementary reactions. The postulate, which is limited to reac-
tions having small relative barriers in one direction, may be
paraphrased as follows: if the activated complex is near in
potential energy to an adjacent metastable state, then it is also
near in structure to the same state. This assumption has played
an important role in mechanistic organic chemistry,'? partic-
ularly in the estimation of the structure of the activated com-
plex from the structure of a metastable intermediate such as
a carbonium ion. Polanyi!! has treated the barrier-position
problem in terms of a valence bond model in which the two
bonds of a linear three-0dy complex are of equal energy. This
treatment predicts in & general manner that the more endo-
thermic a reaction, the later the barrier. Marcus,!2in a gen-
eralization of his theory of electron transfer reactions to include
atom transfers, has derived two expressions for a reaction’s
instantaneous Brgnsted slope which are in terms of the intrinsic
barrier (see below) and reaction energy. Since other parts of
the treatment equate the Brgnsted slope and one measure of
activated-complex structure, the relations may be interpreted
as giving a theoretical barrier position. Mok and Polanyi!3 have
formulated an essentially qualitative, and in a sense empirical,
generalization regarding the relationship between barrier
position and barrier height in homologous series of reactions;
the observation is based on the behavior of semiempirical
bond-energy/bond-order (BEBO) and London-Eyring-Po-
lanyi-Sato (LEPS) potential curves. The principal correlation
is that the barrier occurs early for exothermic reactions and
shifts to successively later positions as the barrier height in-
creases within a series.

The purpose of this paper is to propose a general expression
for the approximate elementary barrier position as a function
of both the barrier height and reaction potential energy. The
function is derived as the general optimization (arc length
minimization) solution of a procedure for globally interpolating
a reaction’s potential coordinate function with a special class
of functions. The derived relation, tested against other theo-
retical methods, including ab initio methods, compares fa-
vorably with the best of the methods for computing the barrier
position,

Barrier Position Relation

The potential-energy hypersurface of an elementary reaction
is a set of points in (n + 1)-dimensional configuration-energy
space; each point represents the energy associated with one of
all possible nuclear configurations of the system. The general
point on the surface is (r, 75, . . ., 7, U), where the coordinates
rini=1,2,...,n,represent the n internuclear distances suf-
ficient to describe any configuration, and U is the corre-
sponding potential energy. (Henceforth, a subscript / is re-
served as an integer index understood to range over all ap-
propriate values.) For a reaction involving m nuclei, the di-
mension n of configuration space is!4

= 1 ifm=2 1)

T l3m-6ifm=3

The minimum-energy reaction path is the most probable

course of the reacting system across the surface. It is the path
crossing the surface from the initial state that allows the least
energy for each successive point on the path. The general vector
equation of the minimum-energy reaction path is

R(x) = [ri(x), ralx), ..., ra(x), U(x)] 2)

where r;(x) are the n internuclear distance coordinate func-
tions; U(x) is the potential coordinate function; and x, a scalar,
is the parameter of the equation and hasarangeO<x < 1.In
this treatment, parameter x associated with the minimum-
energy reaction path is defined and taken as the reaction
coordinate, that is, a scalar measure of the extent of the ele-
mentary chemical event. A value of x = 0 represents the initial
state of the system; x = 1 represents the final state. Scalar x
has a specific, chemical interpretation in this method, although
eq 2, as a vector equation, is parameterization independent.
Since the essential meaning of chemical process, vis-a-vis
physical process, is the making and breaking of chemical bonds,
x is defined in terms of the bond order b of an index bond, or
reference bond, that undergoes complete change during the
reaction. Hence, x = b if the index bond is being formed in the
reaction, and x = (1 — b) if the index bond is being broken in
the reaction. Bond order is “chemist’s bond order”’, which has
been discussed elsewhere. !’

For many reactions, the distance coordinate functions r; are
probably known. This is true for many three-body transfer
reactions, a large and important class of elementary reactions
having the general form

AB+C—-A«B-C—A+BC 3)

where A, B, and C represent either atoms or groups. The spe-
cific reactions considered in this paper will be from this class.
The following subscript convention is observed for variables
associated with reaction 3: a subscript i = 1 refers to bond AB,
i = 2 refers to bond BC, and i = 3 refers to the hypothetical
isolated bond AC. Since m = 3, the vector equation of the
minimum-energy reaction path of reaction 3 is

R(x) = [r1(x), ra(x), r3(x), Ux)] 4)

The reaction coordinate x is equated to the bond order of the
bond being formed, bond BC. For complexes on the mini-
mum-energy reaction path, two special circumstances fre-
quently obtain: (1) the total bond order around atom B is ap-
proximately constant and equal to unity, i.e., b + by =1
(especially for B = hydrogen!316 in the gas phase but probably
for other cases as well!7), and (2) A, B, and C are collinear.!8
With these assumptions, the functions 7; in eq 4 are derived
from Pauling’s relation (a relation between bond order and
bond length)!? and the collinearity condition that 3 = r| + r,
to give

rnx)=A—aln{l —x) (5)
rz(x)=f2—alnx (6)
rx)=F +FH—aln{x—x2) N

where constants #; are the equilibrium bond lengths in A when
b; = 1, and parameter «, from Pauling’s relation, is assigned
the rounded value o = 0.26. With the distance coordinate
functions determined, the projection of path R onto configu-
ration space,

Ro(x) = [ri(x). ra(x). ... ra(x), 0] )

the most probable path through configuration space, is known;
the problem is to determine where along this path the barrier
lies.

The barrier position for general reactions is defined as the
value of reaction coordinate x, symbolized x*, corresponding
to the maximum of potential coordinate function U in eq 2.
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That is, x* is the maximum-point solution of
Ux)=0 9

where U’ is the first derivative of function U with respect to x.
If functions 7; in eq 2 are known, the barrier position may ad-
ditionally be described in terms of the saddle point coordinates
Ro(x*). An a priori, rigorous expression for eq 9 is not known
for any reaction. Even if a general a priori expression were
known, it probably would not be solvable for x* to give a
closed-form solution for the barrier position. The BEBO
function!3 (see below) may be viewed in this context as a rel-
atively simple approximation to U(x). However, even the first
derivative of the BEBO function cannot be explicitly solved
for x*. What is desired is to approximate U(x) in a general
manner with a function sufficiently convenient that an ex-
pression for the barrier position x* can be derived.

The derivation of the barrier position relation is based on
the global interpolation of function U with a special class of
functions; the relation is derived as the general solution for the
maximum point of such an interpolating function. The inter-
polating functions are two-piece, smooth (continuous first
derivative), continuous functions of the class

0<x < x*

= [81(xx*),
Sxex®) x*¥g<x <1

g2(x,x*),

(10)

that is, of the class of double-knot spline functions. Function
S(x,x*) may be viewed as a function of two variables or, pref-
erably, as a family of functions having x* both as the single
parameter of the family and as the junction point of each
member. Aside from being required to satisfy the continuity
and smoothness conditions on f, the only restriction on func-
tions g, and g5 is that they both belong to the same k-param-
eter family of functions. {Definition: two mathematical ex-
pressions in x belong to the same k-parameter family of
functions if they each contain k functional parameters or
coefficients (i.e., they have k degrees of freedom), and they
differ only by the values of the k parameters. For example, all
second-degree polynomials belong to the same three-parameter
family, and functions 4, and 45, where A1(x) = a, sin (a,x)
+ ajexplagx), ha{x) = by sin {(bx) + b3 exp(bgx), and the
a’s and b’s are the functional parameters, belong to the same
four-parameter family.] Therefore, in order to determine g,
and g; uniquely (and hence function f), for each there must
be k interpolation conditions that both g;(x) and U(x), or the
respective derivatives, satisfy simultaneously.

The only general conditions on function U, the interpolation
conditions function f must satisfy, are displayed in eq 11-16

U(0) = f(0,x*) =0 (11)
U'(0) = £(0,x*) =0 (12)
U(x*) = f(x*,x*) = U (13)
U'(x*) = f/(x*x*) = 0 (14)
u(1) = f(1,x*) = Uz (15)
U =r({1x*) =0 (16)

where the relative potential energy of the initial state (x = 0)
is taken as zero; U’ and f” are the first derivatives with respect
to x; U* is the maximum of U, the barrier height; and Uy is the
relative potential energy of the final state. It is noteworthy that
the BEBO function, due to the form of its bonding potential
functions, does not have stationary endpoints as required by
eq 12 and 16. However, if the standard Morse function were
written in terms of x via Pauling’s relation and taken as the
bonding functions, then the function would have stationary
endpoints.20 It will be assumed that function U is realistically
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described by all six conditions 11-16. However, as will be
shown below, this assumption is not essential to the conclusion
of the paper.

Two examples of interpolating functions satisfying the above
conditions are f} and /5 (eq 17 and 18).

U*(=2x3 + 3x2x*)/x*3 0<x<x*
(U* = Up[—2x3 + 3(x* + 1)x2
= 3x*Q2x = 1) = 1]/(x*= 1)+ U;

x*<x<1

fl(x’X*) = {
(17

(cos[m (x — x*)/x*] + 1)U*/2 0<x<x*
(cos[m(x — x*)/(1 = x¥)]+ 1)
X (U* = Up) /2 + Ug

x*<x<1

SHrx,x*) = {
(18)

For either function, the respective functions g; both belong to
the same four-parameter family: in eq 17, functions g; both
belong to the family of cubic polynomials; in eq 18, functions
g both belong to the family (cos [6/a, + a2])a; + a4, where
8 = 7(x — x*) and a; = 0. Both /) and f; interpolate to func-
tion U as required by conditions 11-16 and both, having con-
tinuous first derivatives, are smooth. There is necessarily an
infinite number of similarly acceptable functions because an
additional, unique admissible function f, can be formed for
each unique convex linear combination of a given set of p ac-
ceptable functions (where p = 2) that are linearly independent,
or, symbolically

Lo x®) = A i(x,x*) + Apfr(xx*¥) + ..+ Apfp(x,x*)
(19)

where Ay + A2 +. .. + A, = 1 and the N’s are real numbers. For
example, f, = ¥ f| + % f> is a new function satisfying all the
conditions on f. Equations 17 and 18 are necessarily in terms
of undetermined x*; any interpolating function derived from
eq 11-16 represents an x*-parametrized family of acceptable
interpolating functions f. If the single member of a family that
best interpolates function U is to be determined, an additional
condition must be imposed on the problem.

The main idea of this method is that the most realistic
member of a family of interpolating functions fis the member
of minimum arc length. That is, the most realistic member is
the member of the family that has the least arc length for its
potential curve or graph.2! This is essentially a proposition
regarding the global geometric form of the U potential curve.
In this respect, it is a statement of the same type as the Ham-
mond postulate. However, arc length is a more abstract
property of the curve’s form than is the property of the form
addressed by the Hammond postulate, and the “nearness” or
“closeness” property addressed in the postulate is subsumed
in the minimum arc-length proposition: if the curve is mini-
mized for arc length, then an activated complex and a meta-
stable state that are near in energy are necessarily near along
the x axis, hence near in structure. With reference to Figure
1, the Hammond postulate would state qualitatively that po-
tential curve B is probably more realistic than curve A because
B’s associated transition state is “nearer” the final state; the
arc-length minimization proposition also states that B is the
more realistic, but because it is of less arc length. Clearly, the
arc-length minimization proposition, in contrast to the Ham-
mond postulate, is not limited in its application to reactions
having small relative barriers in one direction (necessary for
“nearness”), but applies to reactions of all exothermicities.
Thus, the predictions of the Hammond postulate become a
class of special cases of the more general barrier position
relation derived below.
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Figure 1.

The barrier position relation is the general solution of the
minimization problem inherent in this interpolation procedure.
Based on the above proposition, the most realistic barrier po-
sition, the maximum point of the shortest member of a family
of functions f, is given directly as the zero of the function

T(x*f) = (—1% j;l [1 + <———af(;:*))2]l/2dx (20)

where the definite integral gives the arc length of function f
on the interval 0 < x < 1. Or equivalently, the best barrier
position, symbolized x*g, is the solution of

T(x*f) =0 (1)

Solution x*q of eq 21 is itself a function of the independent
variables U* and Urin eq 11-16, or, symbolizing the function

asy,
x*o = Y(U*,Up) (22)

Because of the general difficulty in finding the antiderivative
in function T, only for very special cases of functions f of the
class of eq 10 can eq 21 be solved directly in closed form to give
solution . However, it is a remarkable fact that all functions
of this class have exactly the same solution . This may be
emphasized by rewriting eq 21 as a function independent of

£, viz.,
T(x*) =0 (23)

which has one general solution ¢ such that T(x*p) =
T(Y(U*,Up)) = 0. This result is stated as the following theorem,
which has been rigorously proved by modern methods.2?

Theorem. For all continuous functions f of the class defined
in eq 10, where functions g; belong to the same k-parameter
family, the solution ¢ of eq 23 is
_ 1

2 —(Ug/U*)
if the function’s 2k functional parameters (see definition of
k-parameter family above) are uniquely determined (up to x*)
by the set of eq (a) 11-16,0r (b) 11,13-15, or {¢) 11-13, 15,
16,0r (d) 11, 13, 15.

Many functions, of widely varying geometric form, satisfy
this theorem. Condition a of the theorem is satisfied by both
functions f) and f> (eq 17 and 18), and thus the arc-length
minimized barrier position is identical for both, and is given
by eq 24 of the theorem. For this case k = 4. Condition b of the
theorem applies to functions like the BEBO function that do
not have stationary endpoints; an example of this type would
be a potential curve formed from two concave downward
parabolic segments smoothly joined with a horizontal slope at
x = x*. Thus, g; would both be second degree polynomials and
k = 3. Condition c applies to functions not having a zero first
derivative at the maximum point (and therefore not being
smooth), but having stationary endpoints; the intersecting
concave upward parabolas employed by Marcus (see below)

x*o (24)
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Figure 2. Functional dependency of x* on Uy (with U* = 13 kcal/mol) for
relation ¢ and the BEBO and LEPS potential functions.

are examples of potential curves of this type. Condition d re-
quires that g; both be linear functions, so that fis a sawtooth
function. A variant of this simplest, special case of the theorem
was proved by Heron of Alexandria by classical methods,?? and
is a cornerstone of modern optics known as Fermat’s principle.
The theorem as stated above is itself a restricted case of a more
general statement?2 (for instance, functions g; may themselves
be defined piecewise on unequal subintervals).

Since a wide variety of admissible functions is available,
some family of functions f can likely be found that satisfies the
theorem and one member of which approximates a given U(x)
reasonably well at all values of x. But whether that well-as-
sured, well-approximating member is indeed the shortest
member as per the proposition—and therefore has its maxi-
mum point at x = x*;—must be examined for physical realism
by comparison with other methods for computing the barrier
position.

Comparison with Other Methods

Function v is tested in two general ways involving (1) the
global behavior of the function itself, and (2) the saddle-point
coordinates Ro(x*) evaluated by the function.

Comparison of Functions. The global behavior of function
¥, eq 24, is compared below with analogous functions via
comparison of the corresponding graphs. With one exception,
the Y-analogue functions are not known as explicit expressions
for x*, and the graphs were generated numerically. In Figure
2, the graph of , labeled PSI, is compared with graphs of the
functional dependency of the barrier position for the BEBO
and LEPS potential functions, labeled BEBO and LEPS, re-
spectively. In Figure 3, a similar comparison is made with the
graphs of two y-analogue extensions of Marcus’ relations,
which are derived below. For the graphs in both figures, U*
is held constant and Uy is varied over the chemically most
significant range —U* < Uy < U*,
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(a) BEBO. The BEBO function, a semiempirical approxi-
mation to U(x), was originally derived for computation of
barrier heights of gas-phase H-atom transfer reactions,!3.24
According to this model, the potential energy of the three-body
system in eq 3 consists of two roughly equal contributions: the
energy ¥V (x) and V,(x) of the two bonds of the complex, and
the triplet repulsion energy V3(x) between end atoms A and
C. The net potential energy V{(x) of the system is therefore

V(x) = Dy = Vi(x) = Va(x) + Vi(x) (25)

The terms in eq 25 are defined as follows:
Vi(x) = Di(1 = x)p! (26)
Va(x) = Dyxp2 27

Vi(x) = D3FB(x — x2)*8[2 + B(x — x2)o83] (28)

where D; are the (isolated) bond dissociation energies; F is the
arbitrary coefficient in the Sato antibonding function taken
as F = 0.25; « is the parameter in Pauling’s relation taken as
a = 0.26; (3 is the Morse parameter for the hypothetical AC
bond;

aln (D;/¢;
5y = &0 (Dyfe)
pi — T
where ¢; and p; are bond energies and lengths, respectively, for

noble-gas diatomic clusters and may be considered adjustable
parameters;!’ and

B = exp[=Bi(F1 + 72 = F3)] (30)

The graph labeled BEBO in Figure 2 was generated point-
wise by solving eq 25 numerically for its maximum point at 56
equally spaced values of U, and was plotted by the computer.
Us was varied by varying D, and p, was accordingly updated
continuously via eq 29. A constant barrier height of U* = 13
kcal/mol was maintained by continuously readjusting, by an

(29)
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iterative procedure, the triplet repulsion energy via variation
of the Morse 83 parameter. Ug could not be increased beyond
about 12.6 kcal/mol, at which point all of the 13 kcal/mol
barrier arose from the bonding terms ¥ and V5. The input
parameters for eq 25 were chosen so as to simulate an H-atom
transfer between two carbon groups.2’

The agreement between ¢ and the analogous function for
the BEBO model is very good. Actually the agreement for bond
lengths is even better than Figure 2 suggests. Letting x* be the
position computed from the BEBO function, x*; be the posi-
tion computed by ¢, and Ar be the difference in the corre-
sponding computed bond lengths of bond BC, then (from eq
6)

Ar = aln (x*/x*p) 31

It is clear from the figure that graphs PSI and BEBO vary
together such that the ratio x*/x* is never far from unity; thus
Ar is always near zero. For example, the maximum deviation
of the graphs, a difference in ordinates of about 0.08 for highly
endothermic reactions of 11-12 kcal/mol, corresponds to a
difference in computed activated-complex bond lengths of only
0.02 A. Note that Ar is independent of 7. Although the simu-
lation could not be extended to the endothermic limit of Uy =
U*, it is apparent that the BEBO y analogue, like ¢, is ap-
proaching the limit x* = 1 as Uy — U*. This limit behavior is
corroboratively consistent with the Hammond postulate.

(b) LEPS. The semiempirical LEPS function26 is closely
related to the London equation,?’ and, unlike the BEBO
function, the standard expression, eq 32, evaluates the entire
potential-energy surface in 4-space. Functions Q; and J;, the
Coulomb and exchange definite integrals, respectively, are
approximated via the Heitler-London method in terms of the
semiempirical Morse bonding function 'E and Sato anti-
bonding function 3£, so that

1 1) + 01072

W(rirars) = T+ K

+0s(r9) = (5 2r) = )2
+3 U309 = D)2 4 5 19 = i2) ] 32)
0= SDEA+E+KOE -E))  (33)

Ji= 2 [1E; = 3E; + K(E; + °E))) (34)

NI— =

where K is Sato’s empirical, adjustable parameter _
1E;(r;) = Dif(1 — exp[B; (7 — r) D> — 1} (3%)
3Ei(ri) = FDJ{(1 + exp[B:(7 — r)])? — 1} (36)
and F =0.5.

For comparison with relation ¢ and its BEBO analogue, an
expression for the energy along the minimum-energy reaction
path across surface W is derived assuming the validity of eq
5-7. Solving eq 6 for x and substituting same intoeq 5 and 7
gives ry and r3, respectively, as functions of ;. Equations 35

and 36 may thus be rewritten as functions of one independent
variable r;:

'Ei(r) = Di[(1 = {1 —exp[(Fy — ra)/al}*®)2 — 1] (37)
1Ex(ra) = Da[(1 — explBa(Fa — r) D2 — 1] (38)

VE3(r2) = D3[(1 — exp[Ba(F3 — / — r2)]i1
—expl(F, — ry)/a)}*®®)2 = 1] (39)

3E1(ry) = FDi[(1 +{1 — exp{(7, — r2)/al}**)2 = 1] (40)
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3Ey(r) = FD>[(1 + explBafr — ra)D? — 1] (41)
3E3(ry) = FD3[(1 + exp[Ba(F3 — 7 — r2)l{1
—expl[(F2 = ra)/al}*f)? — 1] (42)

Substitution of eq 37-42 into eq 33 and 34 then gives from eq
32

Wr(r2) = ]—_ll_—['(‘. [Ql(’Z) + Qx(r2)

+03(r2) - (31209 = 1)1

F s = TP+ S s = 1 12) ] 43)
5 Us(r2 2(r2)] 2[ 3(r2 1{r2) ) }

which is the expression for the potential energy along the
minimum-energy reaction path as a function of r,. Function
Wg(ry) will be referred to as the MERP LEPS function (for
minimum-energy-reaction-path LEPS). The value K = 0.18,
as originally suggested for function W,2® will be used for all
H-atom transfer applications of Wg. The function gives vir-
tually identical results (see Table I below) for the barrier height
as the three-variable function?® W(r, r,, r1), and this is good
evidence for the correctness of eq 5-7.

Function Wy, eq 43, was treated analogously to the BEBO
function above to find x* as a function of reaction energy Us.
The numerically generated graph, based on the same H-atom
transfer simulation,2? is shown in Figure 2 as graph LEPS. As
before, the barrier height was maintained constant by con-
tinuously adjusting the repulsion energy of the end atoms via
variation of the Morse parameter §;. The maximum point of
Wg was found as the zero of its first derivative, a lengthy ex-
pression solved by the secant method. The zero, r(x*), was
converted to x* by the inverse of eq 6. Morse constants 3; and
B> were evaluated by the formula??

B: = 0.12177v; V'u;/349.76D; (44)

where »; are the respective vibration frequencies in cm~! of
bonds AB and BC, both taken as 2900 cm™!, and y; are the
reduced masses. A mass of 12 amu was used for both A and
C.

The comparison of ¥ with the MERP LEPS analogue, as
shown in Figure 2, is quantitatively similar to the comparison
with the BEBO analogue. PSI and LEPS intersect at three
points, allowing that they would intersect at x* = 1. As with
the BEBO comparison, the maximum deviation of PSI from
LEPS occurs for strongly endothermic reactions of 11-12
kcal/mol. From eq 31, the maximum deviation of 0.09 corre-
sponds to a difference in bond lengths of less than 0.03 A.

(¢) Marcus’ Relations. Marcus has derived two theoretical
relations for the Brgnsted slope of atom transfer reactions!?
which may be reinterpreted and extended as barrier position
relations analogous to .

Marcus’ electron transfer theory applied to atom transfer
reactions establishes a relation between barrier height U*,
reaction energy Uy, and intrinsic barrier Uy, namely,

U* = Uy (1 + U/4Up)? (45)

where |Us/4Up| < 1. Equation 45 is derived?®° straightfor-
wardly from a model employing intersecting parabolas for the
potential curve, a model, originally intended for electron
transfers, which has been criticized as lacking realism when
extended to atom transfer reactions.30 The intrinsic barrier Uy
is the potential-energy barrier devoid of any “thermodynamic”
contribution to its height, and in practice would be determined
by extrapolation of an appropriate Brgnsted plot to Uy = 0. If
a homologous series of reactions has a constant, common U,
then the first derivative of eq 45 with respect to U; gives the
instantaneous Brgnsted slope as a function of Ur. Since the

slope is equated elsewhere in Marcus’ treatment to the acti-
vated-complex BC bond order of reaction 3, the first derivative
may be reinterpreted as a barrier position relation,

x* = Up(1 + Up/4Up) (46)

This relation may be put in terms of U* and Ur for comparison
with . Solving eq 45 for Uy and substituting the resulting
expression into eq 46 gives a new relation

1 Us
x=—(1+
=3 ( WH— Ui+ VO O* = 0y)

which is independent of Ul,.

The graph of eq 47, labeled M1, is compared with ¢ in
Figure 3. The two graphs are qualitatively similar; they agree
exactly at Uy = 0 and Ur = U*, but otherwise differ appreciably
in their details. Comparison of Figures 2 and 3 suggests that
¥ is in substantially better agreement with the BEBO and
LEPS analogues than is eq 47, especially for exothermic re-
actions, and is probably the more realistic.

The second of Marcus’ relations for the barrier height, an
analogue of eq 45,

) @

. — U, U <Uf In 2)
U Up + > + ) In cosh 20, (48)
is based on a simplification of the BEBO function (eq 25) in
which the exponents p; are assumed equal to unity and the
triplet repulsion term V3 is ignored. Differentiation of eq 48
with respect to Ur likewise gives a second relation for the
Brgnsted slope, which as above may be reinterpreted as a
relation for the barrier position

1 l/fln2
X 2[ an 2o (49)

However, Uy cannot be eliminated from eq 49 to give an ana-
logue of eq 47 because eq 48 cannot be solved explicitly for Uy.
Nonetheless, Uy was evaluated numerically from eq 48 for each
stepwise value of Uy, the numerical solution after substitution
into eq 49 allowed its ensuing, but unknown, function of U*
and Us to be evaluated pointwise and graphed.

The graph of the unknown function based on eq 49 is labeled
M2 in Figure 3. The function appears superior to eq 47 and is
in better agreement with BEBO and LEPS than ¢ for endo-
thermic reactions, but not as good for exothermic reactions.
It is noteworthy that both of the extensions of Marcus’ relations
derived above, like , agree with the Hammond postulate and
predict activated complexes having unit total bond order.

Comparison of Saddle-Point Coordinates of Specific Re-
actions. The saddle-point coordinates Ro(x*) of specific re-
actions computed by relation y are compared in this section
with the coordinates computed by other theoretical methods.
There is no experimental method. Table I contains the r; and
r, coordinates (r3 = ry + r,) for five reactions, covering a broad
range of exothermicities, which have been studied by a variety
of methods.

The methods included in the comparison are the BEBO
method; the diatomics-in-molecules (DIM) method; the
equibonding method, discussed below; the MERP LEPS
method as above; several different semiempirical LEPS
computations, collectively labeled LEPS, which individually
optimize one or more dynamical parameters; the “generalized
LEPS” method, which uses three adjustable parameters; the
best, numerical extension of Marcus’ relations, labeled M2 as
in Figure 3; several diverse methods categorized simply as
“semiempirical”; and quantum mechanical ab initio methods,
including the configuration-interaction (CI), self-consistent-
field (SCF), and unrestricted Hartree-Fock (UHF) meth-
ods.

The ¢ saddle-point coordinates in A were computed from
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Table I. Saddle-Point Coordinates 7 (x*) and r,(x*) for Five Reactions
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Us, us,  n- ra- U, U* n- rae
keal/ kecal/ (x*), (x%), keal/ keal/ (x*), (x*),
Reaction Method mol mol Reaction Method mol  mol
H, + Cl Generalized LEPS# 30 8.0 1.16 1.33 H; + CH3; UHF”~ 3.2 295 0.93 1.37
BEBO 3.1 8.0 1.09 1.35 UHF” 4.5 28.7 0.93 1.38
Generalized LEPSe 30 7.7 1.11 1.35 SCFm™ —-6.7 28.5 0.86 1.42
2 3.1 5.561.05 1.37 SCF-CI™ =2.1 159 0.95 1.48
Equibonding 3.1 121 0.88 1.38 H; +F SCFe 13.2 293 0.84 1.18
Semiempirical¢ 31 65 1.10 138 Equibonding =318 22 079 121
M2 3.1 5.56 1.01 1.39 Semiempirical? =315 1.2 0.82 1.31
LEPS4 29 175 0.99 1.40 DIM¢ -31.7 1.1 0.81 1.32
LEPSe 3.1 67 098 1.40 DIM¢4 -31.7 155 0.82 .39
LEPS¢ 30 7.8 0.97 1.41 M2 -31.8 1.67 0.77 1.51
MERP LEPS 3.1 7.5 0.98 1.41 Cle —34.4 1.7 0.77 1.54
SCF/ 6.7 26.2 0.94 1.46 Generalized LEPSs -=31.8 1.1 0.76 1.54
H,+ H Equibonding 00 9.8 0.86 0.86 LEPS® —-30.6 1.0 0.76 1.54
Semiempirical# 00 86 090 090 BEBO =318 1.7 076 1.58
BEBO 0.0 9.8 0.92 0.92 ¥ -31.8 1.67 0.75 1.72
MERP LEPS 0.0 53 0.92 0.92 MERP LEPS =318 0.3 0.75 1.80
M2 0.0 8.0% 092 0.92 F,+ H SCF# —1324 122 1.49 1.56
2 0.0 8.0% 092 0.92 SCFv —-130.1 139 1.41 1.61
Cl¢ 0.0 10.1 0.93 0.93 M2 —102.5 24v 143 1.64
LEPS/ 0.0 88 0.93 0.93 Clv —-99.0 4. 1.50 1.68
Semiempirical ¥ 0.0 97 0.96 0.96 Generalized LEPS* —1034 24 1.44 1.90
H; + CH; Equibonding =36 113 0.85 1.26 ¥ —-102.5 24v 142 1.91
M2 -36 11.6/ 090 1.30 Generalized LEPS>* —106.7 2.3 1.42 1.96
2 -36 11.6/ 0.89 1.31 Generalized LEPS* —87.7 2.0 1.42 1.99
BEBO -3.6 120 0.88 1.32 Cl« —-88.4 1.0 157 205
MERP LEPS -36 55 088 132 Semiempirical” -103.1 23 145 211
SCF™ —14.0 235 0.87 1.37

@ A, Persky and F. S. Klein, J. Chem. Phys., 44, 3617-3626 (1966). & Experimental activation energy: G. C. Fettis and J. H. Knox, Prog.
React. Kinet., 2, 1-38 (1964). < R. N. Porter, L. B. Sims, D. L. Thompson, and L. M. Raff, /. Chem. Phys., 58, 2855-2869 (1973). 4R. L.
Wilkins, ibid., 63,2963-2969 (1975). ¢ A. A. Westenberg and N. de Haas, ibid., 48, 4405-4415 (1968)./ S. Rothenberg and H. F. Schaefer
111, Chem. Phys, Lett., 10, 565-568 (1971). £ R. N. Porter and M. Karplus, J. Chem. Phys., 40, 1105-1115 (1964). # Experimental activation
energy: R. E. Weston, Jr., ibid., 31, 892-898 (1959). / B. Liu, ibid., 58, 1925-1937 (1973)./ A. A. Westenberg and N. de Haas, ibid., 47,
1393-1405 (1967). * J. K. Cashion and D. R. Herschbach, ibid., 40, 2358-2363 (1964). ! Experimental activation energy: M. J. Kurylo and
R. B. Timmons, ibid., 50, 5076-5082 (1969). ™ K. Morokuma and R. E. Davis, J. Am. Chem. Soc., 94, 1060-1067 (1972). # S, Ehrenson
and M. D. Newton, Chem. Phys. Lett., 13, 24-29 (1972). © C. F. Bender, S. V. O’Neil, P. K. Pearson, and H. F. Schaefer 111, Science, 176,
1412-1414 (1972). # N. C. Blais and D. G. Truhlar, J. Chem. Phys., 58,1090-1108 (1973). 9 J. C. Tully, ibid., 58, 1396-1410 (1973). " Ex-
perimental activation energy: K. H. Homann, W. C. Solomon, J. Warnatz, H. Gg. Wagner, and C. Zetzsch, Ber. Bunsenges. Phys. Chem.,
74, 585-589 (1970). ¢ “Unpublished surface ¥:” J. T. Muckerman, Brookhaven National Laboratory, personal communication, 1977. / R.
L. Wilkins, J. Chem. Phys., §7,912-917 (1972). # S. V. O’Neil, P. K. Pearson, H. F. Schaefer 111, and C. F. Bender, ibid., 58, 1126-1131
(1973). v C. F. Bender, C. W. Bauschlicher, Jr., and H. F. Schaefer III, ibid., 60, 3707-3708 (1974). » R. G. Albright, A. F. Dodonov, G.
K. Lavrovskaya, I. I. Morosov, and V. L. Tal’roze, ibid., 50, 3632-3633 (1969). * Reference 7a. » Reference 7b.

eq 50 and 51 (where U* = Us), which were derived by substi-

R U
rl(x*) =N + aln <2 + —*Tf—f) (50)
R U
ra(x*)=~FM+aln < ——;) (51)

tuting x*; into eq 5 and 6, respectively. (Similarly, x*, from
the BEBO method and the extension of Marcus’ relation, was
converted to A by eq 5 and 6.) U* was estimated as the ex-
perimental activation energy £, which differs from U* by the
difference in zero-point energies of initial and activated states;
U; was determined as

Us=D,— D, (52)

where D, and D, are the dissociation energies D of molecules
AB and BC, respectively, from the bottom of the dissociation
potential well. The molecular parameters for the above and for
the BEBO, MERP LEPS, and equibonding semiempirical
methods are listed in Table II. The D value of 113.1 kcal/mol
for CH4 was obtained by a complete zero-point energy cor-
rection for all nine normal vibrations of CH,4 and all six of
CH,.31:32 This fully corrected D is clearly the one that should
be used in semiempirical methods such as BEBO, for otherwise
the potential function will fail to give V(1) = U In compu-

Table II. Molecular Parameters

Molecule D, keal/mol F Ao v,em~L
H-H 109.56 0.742 4395.2
H-CH; 113.1 1.094¢ 3019.5¢
H-F 141.34 0917 4138.5
H-Cl 106.4¢ 1.275 2989.7
F-F 38.87 1.417¢

a Unless otherwise noted, see ref 29. ¥ G. Herzberg and A. Monfils,
J. Mol. Spectrosc., 5,482-498 (1960). ¢ Reference 32b. 4 Reference
8. ¢ See footnote a or e of Table 1. /See footnote v of Table I.
¢ “Handbook of Chemistry and Physics”, 55th ed, CRC Press,
Cleveland, Ohio, 1974-1975, p F-201.

tation of the Morse 3 parameter for H-CH3, the asymmetric
vibration frequency was used since that motion is most akin
to molecular motion along Rg.33 The reduced mass for H-CHj
was computed by assuming an H atom attached to a mass of
12 amu.

The equibonding potential function,?4 originally derived for
the calculation of activation energies of gas-phase free-radical
reactions, is of special interest in relation to Polanyi’s equal-
bonding model of the barrier position mentioned in the Intro-
duction. In the equibonding method, the energy of the three-
body complex is
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Table ITL. Comparison of Y-Computed r2(x*) Coordinates with
Means and Standard Deviations (sd) of Other Methods

ra(x*), A ra(x*), A ra(x*), A
Reaction (mean +sd) (range for 1 sd) (computed by )
H, + Cl 1.39 £ 0.03 1.36-1.42 1.37
H, + H 092 £0.03 0.89-0.95 0.92
H; + CH; 1.35£0.06 1.29-1.41 1.31
H,+ F 1.47 £0.19 1.28-1.66 1.72
F,+H 1.84 +£0.20 1.64-2.04 1.91
Z(r\) =D\ + 'E\(r)) + 3E5(r3) — E, (53)

where 'E(r}) is the Morse function, *E3(r3) is the Sato triplet
function with F = 0.45, and E, is the resonance energy of the
complex taken as a constant, 10.6 kcal/mol. In order to eval-
uate r3 (the sum of ; and 7;), and hence evaluate 3E4{(r3) in
eq 53, ro is found from the assumption of equal bonding
energies by solving

LEy(ry) = 1E\(r) (54)

for 5. Therefore Z is a function of only one variable, r,. The
minimum point of Z{r,) gives the r, saddle-point coordinate.
The present work employs a program written by the author
which makes the following improvements over that previously
available:3% (a) r, is found as the explicit solution of eq 54
(rather than by Newton’s method), and (b) the minimum point
of function Z is found numerically as the zero of its first de-
rivative (rather than by stepwise inspection). These modifi-
cations increase the computed r, saddle-point coordinates by
0.01 A, or more, relative to the literature values.34

Table I11 summarizes the comparisons of Table 1. The mean
and standard deviation of 7,(x*) for each reaction is compared
with the value computed by relation . Such an analysis as-
sumes that an entry picked at random from Table I will as
likely overestimate as underestimate the true saddle-point
coordinate. In Table I11, for every reaction but one, the value
computed by  lies well within one standard deviation of the
mean of all the methods, and in the exceptional case, H, + F,
it lies nearly within one standard deviation (1.72 vs. 1.66

A).

Although the quantum-mechanical calculations are the most
involved, the results in Tables I and ITT suggest they should not
in general be considered definitive. The SCF method is par-
ticularly inaccurate. The inaccuracy of the latter could be
surmised from its miscalculation of the barrier heights: if the
maximum of function U is missed so badly, it is not surprising
that the maximum point is also missed.

The equibonding method does well in computing barrier
heights; however, Tables I and III suggest that it, along with
the SCF method, is among the least accurate of the methods
for computing the barrier position. Part of the problem is that
the method does not maintain unit bond order around the
transferred H atom. For example, assuming the validity of
Pauling’s relation, the total bond order in the H; activated
complex is given as 1.29. Normalizing the bond order to unity
brings r,(x*) closer to the mean of the other methods, but the
results are still not especially good. A simulation analogous to
that of Figure 2 shows that the method is not consistent with
the Hammond postulate since, although the qualitative trend
is correct,3* x* = 1 in the limit of Uy = U*: the equibonding
y-analogue graph, nearly a straight line, has a value x* = 0.806
when Uy = 13 kcal/mol. The above results suggest that the
equal bonding criterion by itself is inadequate to define the
geometry of the true three-body activated complex (although
use of different potential functions in eq 53 may give better
results).

For the H-atom transfer reactions, the BEBO method is
probably the best a priori method both for computing the

barrier height and the barrier position. In most cases, the
BEBO and MERP LEPS methods together bracket the
probable true barrier height between them. It is therefore in-
teresting that they generally also bracket the  barrier position
between them. As Table I indicates,  and BEBO are very
similar in their predictions of barrier position, as might be
expected on the basis of Figure 2.

Conclusion

The most remarkable thing about relation y, eq 24, is that
such a starkly simple relation could do so well. The relation
agrees with the predictions of the qualitative Hammond pos-
tulate, and the minimum arc-length proposition on which ¢ is
based subsumes the postulate as a special case. As is shown in
Figure 2, the Y barrier position as a function of Ur behaves
globally in a manner very similar to the behavior of the BEBO
and LEPS potential functions. In the simulation shown in the
figure, in which Uy is varied over the chemically most signifi-
cant range —U* < Uy € U*, the maximum difference in the
¥ and BEBO graphs corresponds to a difference in activated-
complex bond lengths of only 0.02 A; for the LEPS function
the difference is similarly less than 0.03 A. For five reactions
of widely varying exothermicities whose saddle-point coordi-
nates have been computed by a variety of methods, the coor-
dinates computed by y are in good agreement with the means
of all the methods, as is shown in Table II1. For four of the
reactions, the ¥ coordinates are well within one standard de-
viation of the mean; for the fifth, the predicted coordinate of
1.72 A is only slightly outside the 1.66 A first standard de-
viation. As a generalization, y and the BEBO method—which
is probably the best of the a priori methods both for computing
the barrier height and the barrier position—are very similar
in their predictions of barrier position. The above limited ex-
amination suggests that function y reliably approximates the
barrier position of three-body atom transfer reactions, espe-
cially those having exothermicities in the range —U* < Uy <
U*. Further testing is required, especially in regard to the
relation’s applicability to reactions outside the three-body
class.

One utility of function y is its use in estimating relative ac-
tivated-complex geometries for mechanistic arguments. The
literature of mechanistic organic chemistry is replete with such
arguments based on the less general Hammond postulate. For
this purpose it is not necessary to know the complete vector
equation R(x). That is, for mechanistically similar reactions,
the relative geometries can be inferred from the relative x*
values themselves, estimated directly from . For example,
does a reaction with U* = 15 kcal/mol and Uy = —5 kcal /mol
have an earlier or later barrier than a mechanistically similar
reaction (say both SN2 reactions) having U* = 12 kcal/mol
and Uy = —1 kcal/mol? Relation y predicts that the first one,
the less reactive one, will have the earlier barrier (x*; = 0.43
vs. x*g = 0.48). As is apparent in the expression for y, what
is really important in determining the barrier position is not
the reactivity or the exothermicity per se, but their ratio Us/
U* .36
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Abstract: A description of photochemical reactions in dense media is formulated in terms of the quantum statistical mechapi—
cal theory of molecular relaxation. The present formulation represents a fundamental departure from equilibriun.] rate theories
derived from Eyring’s transition-state theory. A central feature of the model is the photoactivation of a “reactive complex”,
which may undergo either deactivation to the ground state or reaction to yield the primary photochemical products. Th; thf:o-
retical description is specialized to photofragmentation reactions in solvent media. The rate constants fqr bqth deactivation
and primary reaction are calculated by invoking the Born-Oppenheimer adiabatic approximation. Deactivation results from
a coupling of the reaction coordinate to the center-of-mass motion of the reactive complex. Reaction, on the qther ham.i, arises
from coupling of the states of the reactive complex with those of solvent-separated fragments along the reaction cpordmate it-
self. The theory is in qualitative accord with the results of recent picosecond time-resolved laser studies of the geminate recom-

bination of iodine atoms in organic liquid solvents.

1. Introduction

In recent years there have been a number of developments
in the quantum statistical mechanical (QSM) theory of rate
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processes in condensed media.!-? These efforts depart from
conventional equilibrium rate theories derived from Eyring’s
transition-state theory (TST).10-12 The principal goal of the
new approach is to derive explicit expressions for the rate

© 1978 American Chemical Society



